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Abstract
We construct a semi-stable formal model of a wide open rigid curve with a semi-stable
covering, and study the ℓ-adic cohomology of the rigid curve. We describe the ℓ-adic
cohomology of the rigid curve using the ℓ-adic cohomology of the irreducible components
of a semi-stable reduction, and homology and cohomology of some graphs. We also prove
the functoriality of the description for a finite flat morphism that is compatible with semi-
stable coverings of wide open rigid curves.
Introduction
Let K be a complete discretely valued field with a non-trivial valuation. We assume that the
residue field k of K is an algebraic extension of a finite field. We consider a wide open rigid
curve W over K with a semi-stable covering. The notion of a semi-stable covering of a wide
open rigid curve is due to Coleman and Coleman-McMurdy (cf. [Co], [CM]). A semi-stable
covering of a wide open rigid curve is an analogue of a semi-stable model of an algebraic curve.
In fact, Coleman-McMurdy constructed a semi-stable model from a semi-stable covering of a
proper smooth curve (cf. [CM, Theorem 2.36]). In this paper, we construct a semi-stable formal
model of W from a semi-stable covering of W .
Let ℓ be a prime number different from the characteristic of k. The purpose of this paper is
to study the ℓ-adic cohomology of W . Let W be a semi-stable formal model of W constructed
from the semi-stable covering of W , and let ΓW be the dual graph of the geometric closed fiber
of W . In this paper, we describe the ℓ-adic cohomology of W using the ℓ-adic cohomology of
the irreducible components of the geometric closed fiber of W , and homology and cohomology
of some variants of ΓW .
We also study a relative situation. Let W1 and W2 be wide open rigid curves with semi-
stable coverings. We consider a finite flat morphism f : W1 → W2 that is compatible with the
semi-stable coverings. We show that such a morphism extends to a morphism between their
formal semi-stable models. The pushforward and the pullback on the ℓ-adic cohomology by
f induce morphisms on the ℓ-adic cohomology of the irreducible components of the geometric
closed fibers, and homology and cohomology of the graphs. The induced morphism on the
ℓ-adic cohomology of the irreducible components of the geometric closed fibers is a usual one.
We will describe the morphisms on homology and cohomology of the graphs using the induced
morphisms on graphs.
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The connected components of Lubin-Tate spaces for GL2 are examples of wide open rigid
curves. The intention of our research is in the application to the study of group actions on the
ℓ-adic cohomology of Lubin-Tate spaces for GL2.
Acknowledgment
The authors thank Yoichi Mieda for reading a manuscript of this paper and giving a lot of
suggestions. They thank also Yuichiro Hoshi and Seidai Yasuda for helpful conversations.
They are grateful to a referee for suggestions for improvements.
Notation
Throughout this paper, we use the following notation. For a field L with a non-trivial non-
archimedean valuation, the ring of integers of L is denoted by OL. For a field F , the algebraic
closure of F is denoted by F , and the absolute Galois group of F is denoted by GF . For
a vector space V over a field F , the dual vector space of V over F is denoted by V ∗. For a
commutative ring A, a commutative A-algebra B and a scheme X over A, the base change of X
to B is denoted by XB. For an extension L2 over L1 of fields with nontrivial non-archimedean
complete valuations and a rigid space X over L1, the base change of X to L2 is denoted by
XL2 .
1 Semi-stable covering
In this section, we recall the notion of a semi-stable covering and some related results from
[CM].
Let K be a complete discretely valued field with a non-trivial valuation v. We assume
that the residue field k of K is an algebraic extension of a finite field of characteristic p. We
normalize the valuation so that v(K×) = Z. We put v(0) = +∞ and |x| = p−v(x) for x ∈ K.
The maximal ideal of OK is denoted by mK . Let C be the completion of an algebraic closure
of K. The absolute value | · | on K naturally extends to | · | on C.
For r ∈ |C×|, let BK [r] and BK(r) be the rigid spaces over K whose C-valued points are
{x ∈ C | |x| ≤ r} and {x ∈ C | |x| < r}, which we call a closed disk and an open disk
respectively. For r, s ∈ |C×| satisfying r ≤ s, let AK [r, s] and AK(r, s) be the rigid spaces over
K whose C-valued points are {x ∈ C | r ≤ |x| ≤ s} and {x ∈ C | r < |x| < s}, which we call
a closed annulus and an open annulus respectively. A closed annulus of the form AK [r, r] for
r ∈ |C×| is called a circle. For such r, s, we define AK [r, s) and AK(r, s] similarly, which we
call semi-open annuli.
Definition 1.1. A wide open rigid curve over K is a one-dimensional smooth geometrically
connected rigid space W over K which contains affinoid subdomains X and Y such that
1. W \X is a disjoint union of finitely many open annuli,
2. X is relatively compact in Y over K (cf. [BGR, 9.6.2]),
3. Y ∩ V is a semi-open annulus for any connected component V of W \X.
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We call X an underlying affinoid of W .
Theorem 1.2. [CM, Theorem 2.18] Let W be a wide open rigid curve over K with an under-
lying affinoid X. Then W may be completed to a proper algebraic curve C over K by gluing
closed disks to the connected components of W \X.
Let X be a rigid space over K. We write A(X) for OX(X). We put
|f |sup = sup
x∈X(C)
|f(x)| for f ∈ A(X),
A◦(X) =
{
f ∈ A(X)
∣∣∣ |f |sup ≤ 1},
A◦◦(X) =
{
f ∈ A(X)
∣∣∣ |f(x)| < 1 for all x ∈ X(C)}.
Then A◦(X) is called the ring of bounded rigid analytic functions on X . We consider A◦(X)
as a linearly topologized ring with the ideal of definition A◦◦(X).
Let X be an affinoid rigid space over K. We write ||f ||X instead of |f |sup for f ∈ A(X).
We put
X = Spec
(
A◦(X)/A◦◦(X)
)
,
which we call the reduction of X . The reduction X is of finite type over k by [BGR, 6.3.4.
Corollary 3]. The canonical reduction map of X is denoted by RedX : X → X.
Definition 1.3. A basic wide open pair of rigid curves is a pair (W,X) where W is a wide
open rigid curve over K and X is an affinoid subdomain of W such that
1. X is an irreducible curve with at worst ordinary double points as singularities,
2. ||A(X)||X = |K|,
3. each connected component of W \X is isomorphic to an annulus of the form AK(r, 1) for
r ∈ |K×| satisfying r < 1.
We say that W is a basic wide open rigid curve, if (W,X) is a basic wide open pair for some
X.
If (W,X) is a basic wide open pair of rigid curves, then X
c
denotes the compactification of
X that is smooth at the cusps, where the cusps mean the points in X
c
\X.
Definition 1.4. Let C be a wide open rigid curve or a proper smooth curve over K. A semi-
stable covering of C over K is a finite set S of basic wide open pairs (U,Uu) such that
1. Sw = {U | (U,Uu) ∈ S} is an admissible covering of C,
2. if U1, U2 ∈ Sw and U1 6= U2, then U1 ∩U2 is a disjoint union of connected components of
U1 \ Uu1 ,
3. if U1, U2 and U3 are three distinct elements of Sw, then U1 ∩ U2 ∩ U3 = ∅.
Theorem 1.5. [CM, Theorem 2.36] Let C be a proper smooth curve over K. If C has a semi-
stable covering over K, then C has an associated semi-stable model over OK whose reduction
has at least two irreducible components.
Remark 1.6. In [CM, Theorem 2.36], it is assumed that K satisfies Hypothesis T, which
means that C is isomorphic to the completion of an algebraic closure of a non-archimedean
local field. The field K in this paper satisfies Hypothesis T.
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2 Morphism between graphs
In this paper, a graph means a finite directed graph such that each edge has two directions.
Let Γ be a graph. The set of the vertices of Γ is denoted by V(Γ), and the set of the directed
edges of Γ is denoted by E(Γ). For e ∈ E(Γ), the source of e and the target of e are denoted by
s(e) and t(e) respectively. For e ∈ E(Γ), let e be the directed edge obtained by reversing the
direction of e.
We take a prime number ℓ that is different from p. Let V (Γ,Qℓ) be the Qℓ-vector space
generated by V(Γ), and let E(Γ,Qℓ) be the Qℓ-vector space generated by E(Γ) with relation
e = −e for all e ∈ E(Γ). We consider two Qℓ-linear maps
d : E(Γ,Qℓ) −→ V (Γ,Qℓ); e 7→ t(e)− s(e),
δ : V (Γ,Qℓ) −→ E(Γ,Qℓ); v 7→
∑
e∈E(Γ), t(e)=v
e.
We put H1(Γ,Qℓ) = Ker(d) and H
1(Γ,Qℓ) = Coker(δ). A cycle R in Γ can be considered as
an element of H1(Γ,Qℓ). We consider a natural bilinear pairing
〈 , 〉 : E(Γ,Qℓ)× E(Γ,Qℓ) −→ Qℓ
determined by
〈e1, e2〉 =
{
1 if e1 = e2
0 if e1 6= e2, e2
for e1, e2 ∈ E(Γ). Then this pairing induces a bilinear perfect pairing
H1(Γ,Qℓ)×H
1(Γ,Qℓ) −→ Qℓ.
Therefore we have a canonical isomorphism H1(Γ,Qℓ) ∼= H1(Γ,Qℓ)
∗.
Let Γ1 and Γ2 be graphs.
Definition 2.1. A finite flat morphism φ : Γ1 → Γ2 of degree n consists of the following data:
• Surjective maps φV : V(Γ1) → V(Γ2) and φE : E(Γ1) → E(Γ2) such that φV ◦ s = s ◦ φE ,
φE(e) = φE(e) for e ∈ E(Γ1), and the map s : φ
−1
E (e
′) → φ−1V
(
s(e′)
)
is surjective for
e′ ∈ E(Γ2).
• Positive integers nv and ne for all v ∈ V(Γ1) and e ∈ E(Γ1) such that ne = ne for
e ∈ E(Γ1), ∑
e∈φ−1
E
(e′)
ne = n and
∑
e∈φ−1
E
(e′), s(e)=v
ne = nv
for e′ ∈ E(Γ2) and v ∈ φ
−1
V
(
s(e′)
)
.
Let φ : Γ1 → Γ2 be a finite flat morphism of degree n. For a cycle R = e1 · · · em in Γ1, the
cycle φE(e1) · · ·φE(em) in Γ2 is denoted by φ(R).
Proposition 2.2. Let R′ be a cycle in Γ2. Then there are cycles R1, . . . , Rm in Γ1 such that
φ(Ri) = R
′ for 1 ≤ i ≤ m and ∣∣{1 ≤ i ≤ m | e ∈ E(Ri)}∣∣ = ne
for all e ∈ E(Γ1) satisfying φE(e) ∈ E(R
′). Furthermore,
∑m
i=1Ri ∈ H1(Γ1,Qℓ) does not
depend on a choice of R1, . . . , Rm.
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Proof. By replacing Γ1 and Γ2 by their subgraphs, we may assume Γ2 = R
′.
We prove the first claim by induction on n. If n = 1, the claim is trivial. We assume n ≥ 2.
By the surjectivity of s : φ−1E (e
′) → φ−1V
(
s(e′)
)
for e′ ∈ E(Γ2), we can easily find a cycle R in
Γ1 such that φ(R) = R
′. Then we put
n′v =
{
nv − 1 if v ∈ V(R)
nv if v /∈ V(R)
and n′e =
{
ne − 1 if e ∈ E(R)
ne if e /∈ E(R)
for v ∈ V(Γ1) and e ∈ E(Γ1). We consider the subgraph Γ′1 of Γ1 obtained from Γ1 by removing
v ∈ V(Γ1) and e ∈ E(Γ1) such that n′v = 0 and n
′
e = 0. We define a positive integer deg(R/R
′)
by
φ(R) = deg(R/R′)R′ ∈ H1(Γ2,Qℓ).
Then the restriction of φ gives a finite flat morphism φ′ : Γ′1 → Γ2 of degree n−deg(R/R
′) and
it suffices to show the claim for φ′. This follows from the induction hypothesis.
The last claim follows from the condition
∣∣{1 ≤ i ≤ m | e ∈ E(Ri)}∣∣ = ne for all e ∈
E(Γ1).
We define Qℓ-linear maps φ∗ : H1(Γ1,Qℓ) → H1(Γ2,Qℓ) and φ∗ : H1(Γ2,Qℓ) → H1(Γ1,Qℓ)
by φ∗(R) = φ(R) for a cycle R in Γ1 and φ
∗(R′) =
∑m
i=1 Ri for a cycle R
′ in Γ2, where
R1, . . . , Rm are as in Proposition 2.2.
We define φ∗ : H
1(Γ1,Qℓ)→ H1(Γ2,Qℓ) and φ∗ : H1(Γ2,Qℓ)→ H1(Γ1,Qℓ) as the dual Qℓ-
linear maps of φ∗ : H1(Γ2,Qℓ)→ H1(Γ1,Qℓ) and φ∗ : H1(Γ1,Qℓ)→ H1(Γ2,Qℓ) respectively.
3 Formal model of rigid curve
Let W be a wide open rigid curve with a semi-stable covering S = {(Ui, U
u
i ) | i ∈ I} over K.
In this section, we construct a formal model of W from the semi-stable covering S. First, we
recall some facts from [CM].
Proposition 3.1. [CM, Proposition 2.21] Let C be a proper smooth curve over K. Let L be
a finite Galois extension of K, and let T be a finite nonempty Galois stable subset of C(L).
Suppose that {Dt | t ∈ T } is a Galois stable collection of disjoint open disks over L in C such
that Dt ∩ T = {t} for all t ∈ T . Then C \ (
⋃
t∈T Dt) is a one-dimensional affinoid over K.
Lemma 3.2. [CM, Lemma 2.24] Let f : X → Y be a morphism between smooth one-dimensional
affinoid rigid spaces over K. We assume that X is irreducible.
(i) If f : X → Y is a surjection, then f is a surjection.
(ii) If f(X) ⊂ Y is an open affine subset and f : X(C)→ Y (C) is an injection, then f is an
injection.
Lemma 3.3. [CM, Proposition 2.8] Let X be a smooth one-dimensional affinoid rigid curve
such that ||A(X)||X = |K|. We assume that P ∈ X(k) and Red
−1
X (P ) is isomorphic to an open
annulus over K. Then P is an ordinary double point of X.
For i ∈ I, let {Vj | j ∈ Ji} be the set of the connected components of Ui\(U
u
i ∪
⋃
i′∈I,i′ 6=i Ui′).
For different i1, i2 ∈ I, let {Vj | j ∈ Ji1,i2} be the set of the connected components of Ui1 ∩Ui2 .
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For i ∈ I and j ∈ Ji, let V sj be the semi-open annulus obtained by adding a circle Cj to
Vj from the opposite side to U
u
i . We define a rigid space W
′ as W ∪
⋃
i∈I,j∈Ji
V sj . We put
I˜ = I ∪
⋃
i∈I Ji, and
(Ui, U
u
i ) =
{
(Ui, U
u
i ) if i ∈ I
(V si , Ci) if i
′ ∈ I and i ∈ Ji′
for i ∈ I˜. We put
Ji1,i2 =

Ji1,i2 if i1, i2 ∈ I
{i1} if i2 ∈ I and i1 ∈ Ji2
{i2} if i1 ∈ I and i2 ∈ Ji1
∅ otherwise
for different i1, i2 ∈ I˜.
Proposition 3.4. For i ∈ I˜, let Si be a nonempty Gk-stable collection of points of the smooth
locus of Uui . We put U(Si) = U
u
i \
(⋃
s∈Si
Red−1Uu
i
(s)
)
for i ∈ I˜ and Xj(Si1 , Si2) = U(Si1) ∪
U(Si2) ∪ Vj for different i1, i2 ∈ I˜ and j ∈ Ji1,i2 . Then U(Si) and Xj(Si1 , Si2) are affinoid
rigid spaces over K, and RedXj(Si1 ,Si2) is compatible with RedU(Si1) and RedU(Si2 ) for i ∈ I˜
and different i1, i2 ∈ I˜ and j ∈ Ji1,i2 .
Proof. We put W ′({Si}i∈I˜) = W
′ \
(⋃
s∈Si,i∈I˜
Red−1Uu
i
(s)
)
. Let C be a proper smooth curve
over K obtained from W as in Theorem 1.2. Then W ′({Si}i∈I˜) is obtained from C removing
a GK-stable union of disjoint open disks. Therefore W
′({Si}i∈I˜) is an affinoid rigid space over
K by Proposition 3.1.
We take i ∈ I˜. We know that U(Si) is an affinoid rigid space by [FvdP, Lemma 4.8.1.(a)].
The natural inclusion map jU(Si) : U(Si) → W
′({Si}i∈I˜) induces a map on the reduction
jU(Si) : U(Si) → W
′({Si}i∈I˜). Let Im(jU(Si)) be the image of jU(Si). Then Im(jU(Si)) is a
point or an affine open subset of W ′({Si}i∈I˜).
We assume that Im(jU(Si)) is a point P . Then Red
−1
W ′({Si}i∈I˜ )
(P ) is not connected to⋃
s∈Si
Red−1Uu
i
(s). Therefore U(Si) ⊂ Red
−1
W ′({Si}i∈I˜)
(P ) is not connected to
⋃
s∈Si
Red−1Uu
i
(s).
This is a contradiction. Thus we have proved that Im(jU(Si)) is an affine open subset of
W ′({Si}i∈I˜). Then the map jU(Si) is an injection by Lemma 3.2 (ii). Further, we have that
U(Si) = Red
−1
W ′({Si}i∈I˜)
(
Im(jU(Si))
)
by Lemma 3.2 (i). Let Y (Si) be the irreducible component
of W ′({Si}i∈I˜) that contains Im(jU(Si)).
We take j ∈ Ji1,i2 for different i1, i2 ∈ I˜. Then Vj = Red
−1
W ′({Si}i∈I˜ )
(yj) for a point yj of
W ′({Si}i∈I˜) by the connectedness of Vj . Further, we have that yj ∈ Y (Si1) ∩ Y (Si2 ), because
Vj is connected to U(Si1) and U(Si2).
Therefore we have
Y (Si) = Im(jU(Si)) ∪
⋃
j∈Ji,i′ , i
′∈I˜
{yj}
for all i ∈ I˜. Then Xj(Si1 , Si2) = Red
−1
W ′({Si}i∈I˜)
(
Im(jU(Si1 ))∪Im(jU(Si2 ))∪{yj}
)
is an affinoid
rigid space by [FvdP, Lemma 4.8.1.(a)]. The compatibility also follows from [FvdP, Lemma
4.8.1.(c)].
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For a formal scheme X over Spf OK , the closed fiber Xk of X means the underlying
reduced scheme of the ringed space (X ,OX /I), where I is an ideal of definition of X .
Theorem 3.5. Let W be a wide open rigid curve with a semi-stable covering S = {(Ui, Uui ) |
i ∈ I} over K. Then W has an associated semi-stable formal model over OK .
Proof. We take Si for i ∈ I˜ as in Proposition 3.4. Then {Uui }i∈I˜ ∪ {Xj(Si1 , Si2)}i1,i2∈I˜,j∈Ji1,i2
is a pure affinoid covering of W ′ in the sense of [FvdP, Definition 4.8.3] by Lemma 3.4. This
covering gives a formal model W ′ of W ′. The closed fiber W ′k is a semi-stable curve by Lemma
3.3.
Let Y be the reduced closed subscheme of W ′k determined by
⋃
i∈I U
u
i
c
. We define W as
the formal completion of W ′ along Y . Then W is a formal model of W . We can check that W
is independent of a choice of Si for i ∈ I˜.
We use the notation in the proof of Theorem 3.5. The closed fiber Wk of W is Y . The
irreducible components of the geometric closed fiber W ′k of W
′ consists of proper curves that
are also irreducible components of Yk and affine lines over k.
Proposition 3.6. For i ∈ I and j ∈ Ji, we put X ′j(Si) = U(Si) ∪ Vj. Then W is obtained
also by patching Spf A◦(Uui ) for i ∈ I, Spf A
◦
(
Xj(Si1 , Si2)
)
for i1, i2 ∈ I and j ∈ Ji1,i2 , and
Spf A◦
(
X ′j(Si)
)
for i ∈ I and j ∈ Ji.
Proof. We need to show that the ring of an affine open formal subscheme of W can be recovered
as the ring of bounded rigid analytic functions on its rigid generic fiber. This follows from [deJ,
Theorem 7.4.1].
Let C be the proper smooth curve overK obtained fromW as in Theorem 1.2. Let {Di′}i′∈I′
be the set of the connected components of D = C \W . For i′ ∈ I ′, there uniquely exist i ∈ I
and j ∈ Ji such that the union of Di′ and Vj defines an open disk in C, which is denoted by
Ui′ . Then S
′ = S ∪{(Ui′ , Di′) | i
′ ∈ I ′} is a semi-stable covering of C. Let C be the semi-stable
model of C associated to the semi-stable covering S ′ by Theorem 1.5. Then Y is naturally
considered as a closed subscheme of the special fiber Ck of C.
Proposition 3.7. The formal completion of C along Y is naturally isomorphic to W .
Proof. This follows from the construction of W in the proof of Theorem 3.5.
Remark 3.8. Proposition 3.6 and Proposition 3.7 give two different descriptions of the same
formal model W , and the both descriptions are important. The construction in Proposition 3.6
implies that a finite flat morphism between wide open rigid curves which is compatible with their
semi-stable coverings naturally extends to a morphism between their semi-stable formal models.
This fact is very non-trivial from the construction in Proposition 3.7, because such a morphism
does not extend to a morphism between their compactifications in general. On the other hand,
by Proposition 3.7, we see that W satisfies the condition of [Fa, Proposition 5.9.4].
4 Cohomology of rigid curve
We put WOC = W ⊗̂OKOC. The formal nearby cycle functor RΨWOC of WOC is defined in [Be2,
section 2].
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Let ΓW and ΓW ′ be the dual graphs of Wk and W
′
k
respectively (cf. [Li, Definition 10.3.17]
). Then ΓW is a subgraph of ΓW ′ . For v ∈ V(ΓW ′), let Yv be the irreducible component of
W ′
k
corresponding to v, let Y˜v be the normalization of Yv, and let πv : Y˜v → W ′k be a natural
morphism.
Proposition 4.1. Let Λ be a torsion local finite Zℓ-algebra. Then there are canonical isomor-
phisms
R0ΨWOCΛ
∼= Λ, (4.1)
R1ΨWOCΛ
∼=
(( ⊕
v∈V(ΓW ′ )
πv∗Λ
)/
Λ
)∗
(−1), (4.2)
where we consider the right hand side of (4.2) as a sheaf on Wk.
Proof. The isomorphism (4.1) follows from the definition. By [Be2, Theorem 3.1], we have an
isomorphism
R1ΨWOCΛ
∼= (R1ΨCO
K
Λ)|Y
k
.
Hence it suffices to prove the isomorphism (4.2) locally at singular points of W ′
k
.
Let xe be the singular point of W
′
k
corresponding to e ∈ E(ΓW ′). Then the formal completion
We of CO
K
at xe is isomorphic to Spf OC[[S, T ]]/(ST − c) for some c 6= 0 ∈ mK . Further,
Spf OC[[S, T ]]/(ST − c) is isomorphic to the formal completion of X = SpecOK [S, T ]/(ST − c)
at the point x0 of the special fiber defined by S = T = 0. Note that XK
∼= Gm,K . Then we
have isomorphisms
(R1ΨCO
K
Λ)|xe ∼= R
1ΨWeΛ
∼= (R1ΨXΛ)|x0 ∼= H
1(Gm,K ,Λ)
by [Be2, Theorem 3.1] and [SGA7II, Expose´ XV Proposition 2.2.3]. Let i0 and i∞ be the closed
immersions of the zero point and the infinity point into P1 respectively. Then we have
H1(Gm,K ,Λ)
∼= H1c (Gm,K ,Λ)
∗(−1),
H1c (Gm,K ,Λ)
∼= H0
(
P1
K
, (i0∗Λ⊕ i∞∗Λ)/Λ
)
.
Hence the claim follows, because the zero point and the infinity point correspond to the irre-
ducible components passing xe.
We put
Hi(Wk, R
jΨWOCQℓ) =
(
lim
←−
N∈N
Hi
(
Wk, R
jΨWOC (Z/ℓ
NZ)
))
⊗Zℓ Qℓ.
We consider WC as a Berkovich space. Then we have a spectral sequence
Ei,j2 = H
i(Wk, R
jΨWOCQℓ)⇒ H
i+j(WC,Qℓ)
by [Fa, Proposition 5.9.4], becauseW satisfies the condition in [Fa, Proposition 5.9.4] by Propo-
sition 3.7. This spectral sequence gives an exact sequence
0 −→ H1(Wk,Qℓ) −→ H
1(WC,Qℓ) −→ H
0(Wk, R
1ΨWOCQℓ) −→ H
2(Wk,Qℓ) (4.3)
by (4.1).
Let Γ˜W be the graph obtained by adding one new vertex to ΓW ′ and joining the new vertex
with all vertices in V(ΓW ′) \ V(ΓW ).
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Lemma 4.2. There is a canonical isomorphism
h : H1(Γ˜W ,Qℓ)(−1)
∼
−→ Ker
(
H0(Wk, R
1ΨWOCQℓ) −→ H
2(Wk,Qℓ)
)
.
Proof. By the isomorphism (4.2), we have a canonical isomorphism
H0(Wk, R
1ΨWOCQℓ)
∼= H0
(
Wk,
( ⊕
v∈V(Γ
W ′)
πv∗Qℓ
)/
Qℓ
)∗
(−1). (4.4)
Under the identification by (4.4), we explain the definition of h. For e ∈ E(ΓW ′), let Pe be the
point of Ys(e) ∩ Yt(e) that corresponds to e, and define ce as an element
(0, 1) ∈
(
(πs(e)∗Qℓ ⊕ πt(e)∗Qℓ)/Qℓ
)
Pe
⊂ H0
(
Wk,
( ⊕
v∈V(Γ
W ′ )
πv∗Qℓ
)/
Qℓ
)
.
Then we define a Qℓ-linear map h by
h(r)(ce) = 〈r, e〉
for r ∈ H1(Γ˜W ,Qℓ) ⊂ E(Γ˜W ,Qℓ) and e ∈ E(ΓW ′), where e is considered as an element of
E(ΓW ′ ,Qℓ) ⊂ E(Γ˜W ,Qℓ). Under the identification by (4.4), the last map in (4.3) is (−1)-twist
of the dual of the natural map⊕
v∈V(ΓW )
Qℓ −→ H
0
(
Wk,
( ⊕
v∈V(ΓW ′)
πv∗Qℓ
)/
Qℓ
)
.
Using this description, we can easily check that h gives an isomorphism.
Proposition 4.3. We have two exact sequences
0 −→ H1(Wk,Qℓ) −→ H
1(WC,Qℓ) −→ H1(Γ˜W ,Qℓ)(−1) −→ 0,
0 −→ H1(ΓW ,Qℓ) −→ H
1(Wk,Qℓ) −→
⊕
v∈V(ΓW )
H1(Y˜v,Qℓ) −→ 0.
Proof. The first exact sequence follows from (4.3) and Lemma 4.2.
By a short exact sequence
0 −→ Qℓ −→
⊕
v∈V(ΓW )
πv∗Qℓ −→
( ⊕
v∈V(ΓW )
πv∗Qℓ
)/
Qℓ −→ 0
on Wk, we have an exact sequence⊕
v∈V(ΓW )
H0(Y˜v,Qℓ) −→ H
0
(
Wk,
( ⊕
v∈V(ΓW )
πv∗Qℓ
)/
Qℓ
)
−→ H1(Wk,Qℓ) −→
⊕
v∈V(ΓW )
H1(Y˜v,Qℓ) −→ 0.
This exact sequence and a canonical isomorphism
Coker
( ⊕
v∈V(ΓW )
H0(Y˜v,Qℓ) −→ H
0
(
Wk,
( ⊕
v∈V(ΓW )
πv∗Qℓ
)/
Qℓ
))
∼= H1(ΓW ,Qℓ)
gives the second exact sequence.
Remark 4.4. Proposition 4.3 can be considered as an explicit description of a part of the
weight spectral sequence for WC (cf. [Il, 3.8]).
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5 Pushforward and pullback
Let W1 and W2 be wide open rigid curves with semi-stable coverings S1 = {(U1,i, Uu1,i) | i ∈ I1}
and S2 = {(U2,i, U
u
2,i) | i ∈ I2} respectively. All the construction in the section 3 applies to W1
and W2, and the subscripts 1 and 2 mean that it is constructed from W1 and W2 respectively.
Definition 5.1. We say that a finite flat morphism f : W1 →W2 is compatible with semi-stable
coverings if, for any i1 ∈ I1, there is i2 ∈ I2 such that f(Uu1,i1) = U
u
2,i2
and f(U1,i1 \ U
u
1,i1
) =
U2,i2 \ U
u
2,i2 .
Let f : W1 → W2 be a finite flat morphism of degree n that is compatible with semi-stable
coverings. The morphism f induces a finite morphism fˆ : W1 → W2 by Proposition 3.6. Further,
fˆ induces fˆk : W1,k → W2,k and a finite flat morphism φf : ΓW ′1 → ΓW ′2 of degree n. This induces
a finite flat morphism φf : ΓW1 → ΓW2 of degree n. The morphism φf naturally extends to a
finite flat morphism φ˜f : Γ˜W1 → Γ˜W2 of degree n.
In the remaining of this section, let j = 1, 2. We put Vj = Spf OK [[Sj , Tj]]/(SjTj − cj)
for some cj 6= 0 ∈ mK . Let Yj and Y ′j be the closed subschemes of the geometric closed fiber
Vj,k defined by Tj = 0 and Sj = 0 respectively. We note that Yj = Y
′
j = Vj,k. We put
Vj,OC = Vj⊗̂OKOC and
H0(Vj,k, R
1ΨVj,OCQℓ) =
(
lim
←−
N∈N
H0
(
Vj,k, R
1ΨVj,OC (Z/ℓ
NZ)
))
⊗Zℓ Qℓ.
By (4.2) for Vj, we have a canonical isomorphism
H0(Vj,k, R
1ΨVj,OCQℓ)
∼= H0
(
Vj,k, (iYj ∗Qℓ ⊕ iY ′j ∗
Qℓ)/Qℓ
)∗
(−1), (5.1)
where iYj : Yj → Vj,k and iY ′j : Y
′
j → Vj,k are identity morphisms. We fix an identification Qℓ
∼=
Qℓ(1). Under the identifications (5.1) and Qℓ ∼= Qℓ(1), we define γj ∈ H0(Vj,k, R
1ΨVj,OCQℓ)
by
γj
(
(a, a′)
)
= a− a′ for (a, a′) ∈ H0
(
Vj,k, (iYj∗Qℓ ⊕ iY ′j ∗
Qℓ)/Qℓ
)
.
Lemma 5.2. Let Vj be the open annulus associated to Vj. Let g : V1 → V2 be a finite morphism
such that the induced morphism g : V1 → V2 is a finite flat morphism of degree m. We assume
that g : V1 → V2 induces a finite morphism Spf k[[S1]]→ Spf k[[S2]]. Let
g∗ : H
0(V1,k, R
1ΨV1,OCQℓ) −→ H
0(V2,k, R
1ΨV2,OCQℓ)
be the pushforward by g, and let
g∗ : H0(V2,k, R
1ΨV2,OCQℓ) −→ H
0(V1,k, R
1ΨV1,OCQℓ)
be the pullback by g. Then we have g∗(γ1) = γ2 and g
∗(γ2) = mγ1.
Proof. We have a canonical isomorphism
H1(Vj,C,Qℓ) ∼= H
0(Vj,k, R
1ΨVj,OCQℓ) (5.2)
by the similar exact sequence as (4.3) for Vj. Hence, we may argue on the left hand side of
(5.2). Let N be a positive integer. Using the long exact sequence obtained from
0 −→ (Z/ℓNZ)(1) −→ O×Vj,C
ℓN
−→ O×Vj,C −→ 0,
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we have an injection O×Vj,C/(O
×
Vj,C
)ℓ
N
−→ H1
(
Vj,C, (Z/ℓ
NZ)(1)
)
. We consider a scheme Xj =
SpecOK [Sj , Tj ]/(SjTj − cj). We consider a commutative diagram
O×X
j,K
/(O×X
j,K
)ℓ
N
(−1)
∼
//

H1
(
Xj,K ,Z/ℓ
NZ
) ∼
//

H0
(
Xj,k, R
1ΨXj,O
K
(Z/ℓNZ)
)
∼

O×Vj,C/(O
×
Vj,C
)ℓ
N
(−1) 

// H1
(
Vj,C,Z/ℓ
NZ
) ∼
// H0
(
Vj,k, R
1ΨVj,OC (Z/ℓ
NZ)
)
,
where the right vertical arrow is an isomorphism by [Be2, Theorem 3.1]. From this commutative
diagram, we obtain an isomorphism
O×Xj,K/(O
×
Xj,K
)ℓ
N
(−1)
∼
−→ H1
(
Vj,C,Z/ℓ
NZ
)
. (5.3)
We show that g∗ induces
O×X
2,K
/(O×X
2,K
)ℓ
N
→ O×X
1,K
/(O×X
1,K
)ℓ
N
; S2 7→ S
m
1 . (5.4)
We consider the natural isomorphism Vj ∼= AK(|cj |, 1) given by the parameter Sj . For 0 < t < 1,
we define a circle Ct over C by
Ct(C) = {x ∈ C | |x| = t}.
For c ∈ K such that |c| < 1 and |c| is sufficiently close to 1, the morphism g induces a finite
flat morphism
C|c| ∼= SpC〈X1, X
−1
1 〉 −→ Cm|c|
∼= SpC〈X2, X
−1
2 〉
of degree m such that g∗(X2) = c
′Xm1 g
′(X1), where X1 = S1/c, X2 = S2/c
m, c′ 6= 0 ∈ K(c)
and
g′(X1) = 1 +
∑
k 6=0
akX
k
1 ∈ K(c)〈X1, X
−1
1 〉
for ak ∈ K(c) satisfying |ak| < 1. We take such c ∈ K. Then g′(X1) is ℓ-divisible in
K(c)〈X1, X
−1
1 〉. This shows (5.4). Hence, we have that g
∗(γ2) = mγ1 by (5.3). Then we
have g∗(γ1) = γ2, because g∗ ◦ g∗ = m on H1(V2,C,Qℓ) by [Be, Theorem 5.4.1.(d)].
Theorem 5.3. Let f : W1 → W2 be a finite flat morphism that is compatible with semi-stable
coverings. Then f induces the following commutative diagrams:
0 // H1(W1,k,Qℓ)
//
fˆ
k∗

H1(W1,C,Qℓ) //
fC∗

H1(Γ˜W1 ,Qℓ)(−1) //
φ˜f∗

0
0 // H1(W2,k,Qℓ)
// H1(W2,C,Qℓ) // H1(Γ˜W2 ,Qℓ)(−1) // 0,
0 // H1(ΓW1 ,Qℓ) //
φf∗

H1(W1,k,Qℓ)
//
fˆ
k∗

⊕
v∈V(ΓW1)
H1(Y˜v,Qℓ) //
fˆ
k∗

0
0 // H1(ΓW2 ,Qℓ) // H
1(W2,k,Qℓ)
//
⊕
v∈V(ΓW2)
H1(Y˜v,Qℓ) // 0,
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0 // H1(W2,k,Qℓ)
//
fˆ∗
k

H1(W2,C,Qℓ) //
f∗
C

H1(Γ˜W2 ,Qℓ)(−1) //
φ˜∗f

0
0 // H1(W1,k,Qℓ)
// H1(W1,C,Qℓ) // H1(Γ˜W1 ,Qℓ)(−1) // 0,
0 // H1(ΓW2 ,Qℓ) //
φ∗f

H1(W2,k,Qℓ)
//
fˆ∗
k

⊕
v∈V(ΓW2)
H1(Y˜v,Qℓ) //
fˆ∗
k

0
0 // H1(ΓW1 ,Qℓ) // H
1(W1,k,Qℓ)
//
⊕
v∈V(ΓW1)
H1(Y˜v,Qℓ) // 0.
Proof. We can easily check the commutativities of the second and fourth diagrams from the
construction of the short exact sequences. The commutativities of the former halves of the first
and third diagrams are trivial.
For e ∈ E(ΓW ′
j
), we define
γe ∈H
0
(
Wj,k,
(
(πt(e)∗Qℓ ⊕ πs(e)∗Qℓ)/Qℓ
)∗
(−1)
)
⊂ H0
(
Wj,k,
(( ⊕
v∈V(Γ
W ′
j
)
πv∗Qℓ
)/
Qℓ
)∗
(−1)
)
by γe
(
(a, a′)
)
= a− a′ for (a, a′) ∈ H0
(
Wj,k, (πt(e)∗Qℓ ⊕ πs(e)∗Qℓ)/Qℓ
)
, and consider γe as an
element of H0(Wj,k, R
1ΨWj,OCQℓ) by the canonical isomorphism
R1ΨWj,OCQℓ
∼=
(( ⊕
v∈V(Γ
W ′
j
)
πv∗Qℓ
)/
Qℓ
)∗
(−1)
induced from (4.2) for Wj . We define γe = 0 for e ∈ E(Γ˜Wj ) \ E(ΓW ′j ).
We show the commutativity of the latter half of the first diagram. We consider a cy-
cle R = e1 · · · em of Γ˜W1 as an element of H1(Γ˜W1 ,Qℓ). Then it corresponds to
∑m
i=1 γei ∈
H0(W1,k, R
1ΨW1,OCQℓ). We have
f∗
( m∑
i=1
γei
)
=
m∑
i=1
γ
φ˜f,E(ei)
∈ H0(W2,k, R
1ΨW2,OCQℓ)
by Lemma 5.2, and this corresponds to φ˜f∗(R).
We show the commutativity of the latter half of the third diagram. We consider a cycle
R′ = e′1 · · · e
′
m of Γ˜W2 as an element of H1(Γ˜W2 ,Qℓ). Then it corresponds to
∑m
i=1 γe′i ∈
H0(W2,k, R
1ΨW2,OCQℓ). We have
f∗
( m∑
i=1
γe′
i
)
=
m∑
i=1
∑
e∈φ˜−1
f,E
(e′
i
)
neγe ∈ H
0(W1,k, R
1ΨW1,OCQℓ)
by Lemma 5.2, and this corresponds to φ˜∗f (R
′).
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